Introduction
Let G be a Lie group, and let Aut G be the group of all topological automorphisms of G. If X and Y are subsets of G, we denote by N(X, Y) the collection of all those elements a of AutG such that a(x)x~l e Y and a~i(x)x~1 e Y for every x in X. Let & be the set consisting of elements of the form N(K, V), where K ranges over all compact subsets of G and V ranges over all neighborhoods of the identity element of G. Then, Aut G is a topological group with & as a fundamental system of neighborhoods of the identity element of AutG. In [6] , Hochschild proves that AutG is a Lie group and has at most countably many components whenever G/G o is finitely generated, where G o denotes the connected component of G that contains the identity element. It is the aim of this paper to study the case when Aut G has only finitely many components. In the case when G/G o is finite and G has a faithful representation, we obtain a necessary and sufficient condition for G so that Aut G has finitely many components.
Let G be as above and T be the maximal central torus in G o . By a theorem of Iwasawa ([11, Theorem 1']), every automorphism in (AutG) o fixes every element of T. So, if (Aut G) o | T is infinite, then Aut G has infinitely many components, where (Aut G) o | T denotes the image of the map from (Aut G) o into Aut T sending every element of (Aut G) o onto its restriction of T. This suggests that we concentrate our study on the maximal central torus T in G o . The example of the n-dimensional torus shows that the dimension of T is important in determining whether or not Aut G has finitely many components. However, the following example demonstrates that the mere consideration of the dimension of T is not enough.
EXAMPLE. Let S be the 1-dimensional torus, Si = S 2 = S, and T = 5i x S 2 . Let a € Aut T be such that a 2 = id r , and let A a be the subgroup of Aut T generated by a. Let G a -T>\A a and 0 € AutG CT . It is straightforward to check that 0(a)cr~l e T and 6\T is a member of the centralizer C{a) of a in Aut7\ It follows that AutG CT is topologically isomorphic to TXC(CT); and hence, A u t C has finitely many components if and only if C(a) has finitely many components. In particular, let S and y be automorphisms of T defined by 8(x, v) = (x, y) and y(x, y) = (Jc, y), where we denote the conjugate of a complex number w by w. Then, it is straightforward to check that C(S) has infinitely many components and C(y) has finitely many components; in turn, Aut G s has infinitely many components and Aut G y has finitely many components. We note that the maximal central tori of (Gj) 0 and (G Y ) 0 are both T. A close examination of these two groups reveals the following:
(i) Both Si and S 2 are smallest nontrivial subtori of T in Gs (respectively G y ) that commute with A s (respectively A y ). (ii) There is an isomorphism of Si onto S 2 that commutes with A s (namely, the map sending every complex number to its conjugate). On the contrary, there is no isomorphism of Si onto S 2 that commutes with A y .
This example motivates us to introduce what is called a A-decomposition of the maximal central torus that plays an important role in our study. To see this, we notice that since G has finitely many components, the restrictions of all inner automorphisms of G to T form a finite subgroup, denoted by A, of Aut T. In Section 2, we prove that there are nontrivial A-invariant closed subtori T u T 2 If, in addition, T a = T b , then we call such a [3] On the component group of the automorphism group 367 map a a A-automorphism of T a . We say that T is A-rigid if T satisfies the following two properties:
(a) no two distinct A-simple subtori of T are almost A-isomorphic; and (b) for every A-simple subtorus T c ofT, there are only finitely many A-automorphisms of T c .
Let T c be a A-simple subtorus of T and Aut 4 T c be the group of all A-automorphisms of T c . In view of Condition (b) above, in Section 3, we completely determine when Aut A T c has finitely many elements and when Aut^T c has infinitely many elements from the dimension of the torus T c by way of characterizing Aut a r c as the group of units in the ring of algebraic integers in a certain algebraic number field, in the case when A | T c is abelian. In order to see this, let us first fix some notations. If 8 e A, we denote by 8° the differential of 8. Let A° = {5° : 8 e A}, W be the Q-span of the kernel of the exponential map from .i? (7) We also give an example to show that Theorem 17 may fail if G does not have a faithful representation.
As an application of our main result, we give a necessary and sufficient condition for an analytic group G so that Aut G is almost algebraic; provided that G has a faithful representation. (Cf. [4, 16, 17] .) More precisely, we have the following result.
THEOREM 19. Suppose that G is an analytic group that has a faithful representation, and T is the maximal central torus in G. Then, Aut G is almost algebraic if and only if T is trivial, or the dimension of T is 1 and T is exactly the maximal torus in the radical of G.
NOTATION. Let G be a locally compact group. We denote the connected component of G that contains the identity element by G o . Aut G denotes the group of topological automorphisms of G equipped with the topology described above. If / is a function of G into G, we denote the restriction of / to C by / | C, for every subset C of G. If A and B are subsets of G and x e G, we denote the inner automorphism of G that is determined by x by I G (x), the set {I G (x) : . If F is another topological group, we denote the collection of all continuous homomorphisms of G into F by Horn (G, F). If, in addition, G and F are analytic groups, g e Horn (G, F), and T is a subset of Horn (G, F), then we denote the Lie algebra of G by -£?(G), the differential of g by g°, and the set {y° : y e F} by F°. We denote the identity map on any set / by id y . As usual, N, 1, Q, R, and C denote the sets of natural numbers, integers, rational numbers, real numbers, and complex numbers, respectively.
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A decomposition of a torus
Throughout this section, T denotes a fixed torus, and A denotes a fixed finite subgroup of Aut T. First, we introduce what is called a A-decomposition of T that plays an important role in our study.
Let exp: JSf(T)->T be the exponential map. It is well-known that &{T) possesses an R-basis whose Z-span is precisely ker(exp), and ker(exp) is A°-invariant. Clearly, the Q-span W of ker (exp) 
Using this terminology, the discussion above can be summarized as follows. PROPOSITION 
A ^-decomposition ofT always exists.
If W a is a simple A°-submodule of W and T a = exp(Wa (8*0 K), in view of [1, p. 174 The following definition singles out a special class of A-tori that plays a central role in our study. [7] On the component group of the automorphism group 371 DEFINITION 8. We say that T is A-rigid if T satisfies the following two properties: 
The A-automorphism group of a A-simple subtorus
In this section, T denotes a fixed torus and A denotes a fixed finite subgroup of Aut T. We fix a A-simple subtorus T c of T, and let A u t^ be the group of all A-automorphisms of T c . Although the results in this section are not needed in the proof of our main theorem, in view of Condition (b) in Definition 8, it is interesting to see when Aut 4 r c has finitely many elements and when Aut 4 T c has infinitely many elements. Firstly, we make the following observation. PROPOSITION 
Let a e AuUT c . Then, (A) a° is semisimple; and (B) a is ergodic (that is, a° has no eigenvalue which is a root of unity) if and only if
a has infinite order. 
PROOF. LetW c = Wr\3f(T c ). Since

= 8°(vi).
This proves that u is the identity on V]. On the other hand, since W c is a simple A°-module (by Proposition 4), the non-zero A°-submodule V t of W c must coincide with W c . Consequently, u is the identity on W c ; and hence, fi -s. Clearly, this implies that a° is semisimple, and (A) is proved. Since fi is semisimple, the matrix M associated with the map of W c <E) Q C onto W c <g><, C that is induced from fi is a diagonal matrix relative to a suitable basis for W c ® Q C. From the fact that the diagonal of M consists of all eigenvalues of a 0 , one concludes readily that if a is ergodic then a has infinite order. Conversely, suppose that X is an eigenvalue of a° such that X" = 1 for some positive integer n. Then, clearly, the linear map fi" -id^c is not one-to-one. It follows that there is a non-zero element v 2 In the case when A | T c is abelian, we may completely determine when has finitely many elements and when Aut a T c has infinitely many elements from the dimension of the torus T c , by way of characterizing A u t^ as the group of units in the ring of algebraic integers in a certain algebraic number field. In preparation for this, we need some results from the representation theory of finite groups. If V is a vector space over a division ring E, we use dim £ V to denote the dimension of V over E, Hom £ (V\ V.) to denote the collection of all £-linear endomorphisms of V, and GL e (V) to denote the collection of all those elements in Hom £ (V, V) that are invertible. 
On (4) and (6), we see that r -p and dim L t/j = 1. This completes the proof. Since L = Q(0) and 6 is a primitive nth root of unity by the proof of Lemma 11, the ring of algebraic integers in L is precisely 1 [6] ([3, (21.13)]). On the other hand, since ^(^( i d^) ) = q for every rational number q, one concludes readily from (9) that the ring of algebraic integers in D is precisely Z[7r]. Since ker(exp c ) is n -invariant, relative to B c , the matrix associated with n is an integral matrix. It follows that, relative to B c , the matrix associated with every algebraic integer in D is an integral matrix. Now, let X be an element in <%/. Since A. and A" 1 are algebraic integers in D, relative to B c , the matrices associated with A.
and k~l are integral matrices. It follows that A(ker(exp c )) = ker(exp c ). From this, one concludes readily that X induces a A "-automorphism a of T c such that ^( a ) = k. This shows that * is onto, and the proof of the theorem is complete.
From the last theorem, we may completely determine when Aut a T c has finitely many elements and when Aut a 7 c has infinitely many elements, provided that A | T c is abelian. 1, 2, 3, 4, or 6 , then Aut a r c has 2, 2, 6, 4, or 6 elements, respectively. Moreover, these are the only cases in each of which Aut a r c has finitely many elements. 2; and hence, n = 1,2, 3,4, or 6 , and L =Q, Q(e 3 ), Q(e 4 ), or Q(e 6 ) (by Lemma 11) . Since Q has two units, Qfe) = Qfo,) has 6 units, and Q(e 4 ) has 4 units ( [15, p. 130] ), the corollary follows immediately from (9) and Theorem 12. This completes the proof.
COROLLARY 13. We use the same notation as above and suppose that A | T c is abelian. If the order of A | T c is
The following lemma will be used several times in reducing the proof of the main theorem to the proof of a simpler situation. Although it is rather simple, we include it here for completeness. LEMMA 
Let p be an open continuous homomorphism of a locally compact group G onto a (Hausdorff) topological group H. If both ker p and H have finitely many components, then so does G.
PROOF. Put K = ker p, and choose 
Then, G O K = \J i=l (G o ki). It follows that G O K is closed in G and
The main theorem
Suppose that G is a Lie group such that G has a faithful representation and G has finitely many components. Then, G is a semidirect product For our purpose, it will be convenient to choose an appropriate E\. Such a choice is made in the following lemma. Being an abelian analytic group, w(E 3 ) is a direct product of the maximal torus T" in w(E 3 ) and a vector group V 2 . As we saw before, we may choose V 2 so that V 2 is invariant under those automorphisms of w(E 3 ) that are induced from I G {D). Let E = w-\V 2 ). We see that E 3 = ET, and it is straightforward to check that E satisfies all the requirements. This completes the proof. Clearly, CT is a well-defined map of D onto ft(T); and hence, ft(F) is finite. On the other hand, since 5 has a faithful representation, Z(S) is finite. As a result, 7 is finite; and hence, Aut (DY) is finite. Because £ is clearly one-to-one, ker p is finite; and hence, p" 1 (X) is finite. Next, we claim that I S D(S) is closed in Aut (SD). To this end, suppose that s n e S and v e Aut (SD) are such that Iso(s n ) -> v in Aut (SD). Since p is clearly continuous, Is(s n ) -*• p(v) in Aut S. From the fact that Is(S) is closed in Aut 5, p(v) = / s (s) for some s e S. It follows that i«z n -> s for some z n e Z(S). Since Z(S) is finite, without loss of generality, we may assume that s n z ->• 5 for some z e Z(5). Consequently, v -I SD (sz~1). This proves that ISD(S) is closed in Aut (SD) as we claimed. Finally, since Aut (SD) = ISD(S) p~l(X), the lemma follows immediately from Baire's theorem. This completes the proof.
LEMMA 15. Using the same notation as above, there is a subgroup EofGso that E enjoys all properties that are satisfied by E\, and E T is a characteristic subgroup ofG, where T is the maximal central torus in G o .
PROOF. Let
Recall that T is the maximal central torus in G o . Let A -IG(G) \ T. Clearly, A is a finite subgroup of Aut7\ In fact, A = / G (D) | T. Since D normalizes K, I G (D)
| K is also a finite subgroup of Aut AT. By an abuse of notation, we still denote / G (D) | K by A. By Proposition 3, both T and K have A-decompositions. Now, we are in position to prove our main theorem. THEOREM 
Using the same notation as above, in order that AutG has finitely many components, it is necessary and sufficient that G satisfies the following two conditions: (a) T is A-rigid; and (b) there is no A-simple subtorus ofT that is almost A-isomorphic to any A-simple subtorus of K that is not in T.
PROOF. First we prove the sufficiency part of the theorem. Suppose that G satisfies Conditions (a) and (b). It follows from the conjugacy of maximal reductive subgroups of GthatAutG = I C (G O )A U where A x -{/ e AutG : f(M) = M}. So,inorderto prove that Aut G has finitely many components, it suffices to show that A\ has finitely many components.
Let / be an element of A\. Since E T is a characteristic subgroup of G (by Lemma 15), for every x e E, we may write f(x) -f E (x)f r (x) with f E (x) e E and f T (x) 6 T. One sees readily that f E e Aut E, f T e Horn (E, T), and (11), it is straightforward to check that the correspondence / ( -> / , . gives a homeomorphism of the kernel of * onto fli. Consequently, the kernel of * is connected. By Lemma 14, in order to prove that A x has finitely many components, it suffices to show that A 2 has finitely many components.
Since By Lemma 14, in order to prove that A 5 has finitely many components, it suffices to show that the kernel of r\ has finitely many components; that is, to show that A 6 -{/ G A 5 : f(SD) = SD} has finitely many components.
Since IG(S) is clearly contained in A 6 , we see that ISD(S) is contained in the image of the map of A 6 into Aut (SD) that sends every element of A 6 onto its restriction to SD. Thus, by Lemma 14 and Lemma 16, in order to prove that A 6 has finitely many components, it suffices to show that A-, = [f G A 6 : / is the identity on M} has finitely many components.
Since A 1 is topologically isomorphic with
and A s is an algebraic group, we see that A 1 has finitely many components. This proves that if G satisfies Conditions (a) and (b), then Aut G has finitely many components. Now, we prove the necessity part of the theorem. We first assume that G is not rigid; that is, T has a A-decomposition T X T 2 Since / is surjective, g is a non-trivial continuous homomorphism of T x into T 2 and F is contained in the kernel of g. Now, define r(xth) = xtg(t)h for every x € E,t e 7i,and/z € H. It is straightforward to check that r is a topological automorphism of G. Again since / is surjective, the map sending every positive integer i onto r' \ T is a one-to-one map of the set of positive integers into Aut T. Since (Aut G) o \ T is trivial ([11, Theorem 1']), we may conclude that Aut G has infinitely many components. Next suppose that (ii) holds, and let T t be the collection of all A-automorphisms of T Y . If y e r l 5 then y (F) is a finite subgroup of 7\ of order less than or equal to a. Because there are only finitely many such subgroups of T\, we see that V X (F) = U{y(F) : y G H} is finite. Since there are only finitely many functions of F into F t (F) and F t is infinite, there must be in F] an infinite subset T 2 such that the restrictions of all elements in f 2 to F are all the same. Fix an element y o in F 2 . Let F = [y~l o y : y e F 2 }. Then, F consists of infinitely many A-automorphisms of T\ which are the identity on F. we denote by y the topological automorphism of G defined by y(xth) = xy(t)h for every x G E, t e T u and h G H. Since {y\T: y e F} consists of infinitely many elements, we may conclude that Aut G has infinitely many components. for every c e C\. Since / is surjective, g is a non-trivial continuous homomorphism of C\ into Ti and F is contained in the kernel of g. Now, define r(xch) = xg(c)ch for every x e E, c e C x , and h e H. It is straightforward to check that r is a topological automorphism of G. Again since / is surjective, the map sending every positive integer / onto r' is a one-to-one map of the set of positive integers into AutG. Let A{G, T) = {a e AutG : a is the identity on T} and let B = EC f) T. Clearly, (AutG) o and {r' : / e N} are contained in A{G,T), and B is finite. Let /x: R ->• R/B be the canonical map, where R is the radical of G o . Clearly,
fi(R) = n(EC) x /x(T). Being an abelian analytic group, n(EC)/[n(EC), n(EC)]
is a direct product of its maximal torus r and a vector group U. Now,leta e A{G, T), and denote by a the automorphism of fi(R) that is induced by a. If z € EC, then we may write a(ii(z)) = ai(/i(z))a 4 (/i(z)), where 6t x {ix{z)) e ^(EC) and a 4 (/Li(z)) e /x(r). Clearly,«! e Aut/x(£C) anda 4 Since any two maximal tori in the radical of G o are conjugate, we see that Theorem 17 is independent of the choice of K. If, in addition, G is connected, we have the following version of Theorem 17.
COROLLARY 18. Suppose that G is an analytic group that has a faithful representation, and that T is the maximal central torus in G. Then, in order that AutG has finitely many components, it is necessary and sufficient that T is trivial, or that the dimension ofT is 1 and T is exactly the maximal torus in the radical ofG.
If G does not have a faithful representation, even when G is connected, Theorem 17 fails to hold as shown in the following example due to Dani [4] .
EXAMPLE. Let H be the three-dimensional Heisenberg group and Z an infinite cyclic subgroup contained in the center of H. Let S be a subgroup of Aut(///Z) that is isomorphic to SL(2, R) and G = (///Z)xS. Then, the center of G" is an n-dimensional torus and Aut G" has finitely many components for all n ( [4] , p. 451).
As an application of our main result, we give a necessary and sufficient condition for an analytic group G to have Aut G being almost algebraic (provided that G has a
